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Abstract
We prove a purely topological characterization of the Moufang property for discon-
nected compact polygons in terms of convergence groups. As a consequence, we recover
the fact that a locally finite thick affine building of rank 3 is a Bruhat–Tits building if
and only if its automorphism group is strongly transitive. We also study automorphism
groups of general compact polygons without any homogeneity assumption. A compactness
criterion for sets of automorphisms is established, generalizing the theorem by Burns and
Spatzier that the full automorphism group, endowed with the compact-open topology, is
a locally compact group.
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1 Introduction
Compact buildings form a natural generalization of compact projective planes. They were
introduced by Burns and Spatzier in [BS87a], and used in their proof of the Rank Rigid-
ity Theorem for Riemannian manifolds of non-positive sectional curvature, see [BS87b]. A
prominent example of a compact building is provided by the spherical building associated
with a semisimple algebraic group over a non-discrete locally compact field. Since the origin,
the problem of characterizing those buildings associated with semisimple algebraic groups
among all compact buildings has attracted much attention; in some sense, this is the topic
of the encyclopaedic book [SBG+95], mainly devoted to the study of connected compact pro-
jective planes. The relevance of that problem is also well illustrated by the work of Burns
and Spatzier: a key result from [BS87a] that is used in the proof of Rank Rigidity in [BS87b]
asserts that a thick irreducible connected compact spherical building of rank ≥ 2 is the spher-
ical building associated with a simple Lie group if and only if its automorphism group is
strongly transitive (see Subsection 2.2 for the definition of strong transitivity). This result
has been improved by Grundho¨fer, Knarr and Kramer who showed in [GKK95] and [GKK00]
that the same classification is true for connected buildings admitting a chamber transitive
automorphism group. The starting point of the present article is the question whether such
a statement could hold beyond the connected case. A precise formulation can be stated
as follows.
Conjecture. Let ∆ be an infinite thick irreducible compact spherical building of rank at
least 2. Then ∆ is the spherical building associated with a semisimple algebraic group over a
non-discrete locally compact field if and only if ∆ is strongly transitive.
Here again, one could even replace strong transitivity by chamber transitivity in this
conjecture. Historically, a similar problem had been suggested by J. Tits in the 1970’s for
finite buildings. More precisely, Tits conjectured that a finite thick irreducible building of
rank ≥ 2 should be the building associated with a finite simple group of Lie type if and only
if the building has a strongly transitive automorphism group, see [Tit74, Conjecture 11.5.1].
Tits’ hope was that this could be helpful to the classification of the finite simple groups, which
was an ongoing project at the time. Ironically, the latter classification was achieved first, and
then used by Buekenhout and Van Maldeghem in their proof that Tits’ conjecture is indeed
accurate, see [BVM94].
As mentioned above, the conjecture is certainly true for connected buildings by the work
of Burns and Spatzier; we may therefore assume that ∆ is totally disconnected, since any
disconnected compact building is so. Moreover, Grundho¨fer, Kramer, Van Maldeghem and
Weiss have proved that, under the same hypotheses as the conjecture, the building ∆ is the
spherical building associated with a semisimple algebraic group over a non-discrete locally
compact field if and only if ∆ is Moufang: this follows from [GKVMW12, Theorem 1.1].
As is well known, Tits proved that every thick irreducible spherical building of rank ≥ 3 is
Moufang (see [Tit74, Addenda]), so that the conjecture above can be reduced to the following
one, which appears as Question 1.4 in [GKVMW12].
Conjecture (Reformulation). Let ∆ be an infinite thick irreducible compact totally discon-
nected spherical building of rank 2. If ∆ is strongly transitive, then ∆ is Moufang.
In the rest of this paper, we shall therefore focus on compact spherical buildings of rank 2,
also called compact polygons. More precisely, a compact polygon of diameter m is called
a compact m-gon. It is irreducible if and only if m ≥ 3.
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Our first main result may be viewed as a first step towards the conjecture above.
Theorem A. Let ∆ be an infinite thick compact totally disconnected m-gon with m ≥ 3
and let G be a closed subgroup of the group Auttop(∆) of topological automorphisms which is
strongly transitive on ∆. The following assertions are equivalent.
(i) ∆ is Moufang.
(ii) For each panel π of ∆, the closure in Homeo(Cham(π)) of the group of projectivities
Π(π) acts as a convergence group on Cham(π).
(iii) For each panel π of ∆, the closure of the natural image of StabG(π) in Homeo(Cham(π))
acts as a convergence group on Cham(π).
The notion of a convergence group is recalled in Subsection 4.1 while the group of pro-
jectivities Π(π) is defined in Subsection 4.2. Conditions (i) and (ii) are both independent
of the group G. In fact, Condition (ii) in Theorem A implies in particular that the clo-
sure in Homeo(Cham(π)) of the group of projectivities Π(π) is a locally compact group (see
Lemma 4.1 below). In the case of connected compact polygons, the latter property in turn
is known to be equivalent to the Moufang condition, without assuming any extra homogene-
ity assumption on ∆ a priori (see [Lo¨w81, Theorem 5.1] or [SBG+95, Theorem 66.1]). If
one believes that the connected case is representative of the general case, one should there-
fore not expect Condition (ii) from Theorem A to be satisfied by all infinite compact totally
disconnected polygons.
We point out the following corollary of Theorem A.
Corollary B (Caprace–Monod). Let X be a locally finite thick irreducible affine building
of rank 3. If X is strongly transitive, then the building at infinity X∞ is Moufang. In
particular X is the Bruhat–Tits building associated with a semisimple algebraic group over a
non-Archimedean local field.
The special case of Corollary B whereX is of type A˜2 was obtained by Van Maldeghem and
Van Steen in [VMVS98, Main Theorem], while the general case has been obtained by Caprace
and Monod in [CM15, Corollary E] using CAT(0) geometry. Our approach to Theorem A is
different, but was partly inspired by theirs: instead of the CAT(0) Levi decomposition used
in their work, we use a purely algebraic counterpart of that result, due to Baumgartner and
Willis [BW04], and valid in the realm of totally disconnected locally compact groups.
The basic result that makes the structure theory of locally compact groups available in
the study of compact buildings is the theorem, due to Burns–Spatzier and valid for all thick
irreducible compact spherical building ∆ of rank ≥ 2, asserting that the topological automor-
phism group Auttop(∆) is a locally compact group, see [BS87a, Theorem 2.1]. Equivalently,
there exists an identity neighbourhood in the group Auttop(∆) endowed with the compact-
open topology that is compact. Our second main result is a compactness criterion for more
general subsets of Auttop(∆) in the rank 2 case. Notice that we do not make any transitivity
assumption on the automorphism group.
Theorem C. Let ∆ be a thick compact m-gon with m ≥ 3 and C,C ′ be opposite chambers
of ∆. Denote by D0 and D1 the two chambers adjacent to (but different from) C in the
apartment containing C and C ′ and by v0 (resp. v1) the common vertex of C and D0 (resp.
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Figure 1: Illustration of Theorem C.
D1). Let also E0 (resp. E1) be a chamber having vertex v0 (resp. v1) but different from C and
D0 (resp. D1). Let finally U and U
′ be closed subsets of Cham∆ such that every chamber of
U is opposite every chamber of U ′. Then for all ε > 0, the (possibly empty) set
Jε(C,C
′, U, U ′, E0, E1) :=


ϕ ∈ Auttop(∆)
∣∣∣∣∣∣∣∣∣∣
ϕ(C) ∈ U, ϕ(C ′) ∈ U ′,
ρ(ϕ(C), ϕ(Bvi (Di, ε))) ≥ ε ∀i ∈ {0, 1},
ρ(ϕ(Di), ϕ(Bvi(C, ε))) ≥ ε ∀i ∈ {0, 1},
ρ(ϕ(C), ϕ(Ei)) ≥ ε ∀i ∈ {0, 1},
ρ(ϕ(Di), ϕ(Ei)) ≥ ε ∀i ∈ {0, 1}


is compact, where ρ is some fixed metric associated to the topology on Cham∆ and Bv(C, r)
denotes the open ball in Cham(v) centered at C and of radius r (with respect to the metric ρ).
Remark that the conclusion of Theorem C is also valid for irreducible compact spherical
buildings of higher rank, but the proof that we are aware of in that case is very indirect: one
deduces it from the fact that those buildings are Moufang, hence are buildings at infinity of
Bruhat-Tits buildings, via the works of Tits [Tit74, Addenda] and Grundho¨fer–Kramer–Van
Maldeghem–Weiss [GKVMW12, Theorem 1.1].
A particular case of this criterion is the following result, which can be seen as a topo-
logical version of a well-known theorem [Tit74, Theorem 4.1.1] of Tits. Indeed, the latter
basically states that L0(C,C
′) (as defined below) is reduced to the identity in every thick
(not necessarily topological) spherical building.
Corollary D. Let ∆ be a thick compact m-gon with m ≥ 3 and C,C ′ be opposite chambers
of ∆. There exists ε > 0 such that the set
Lε(C,C
′) :=
{
ϕ ∈ Auttop(∆) | ρ(X,ϕ(X)) ≤ ε ∀X ∈ E1(C) ∪ {C
′}
}
is compact, where ρ is some fixed metric associated to the topology on Cham∆ and E1(C)
denotes the set of chambers adjacent to C.
We remark that the local compactness theorem of Burns and Spatzier in the rank 2 case
can now be recovered as an immediate consequence of Corollary D. Actually, our proof of
Theorem C was inspired by their work; note however that our approach is uniform in the
sense that it does not require to distinguish the cases where the diameter of ∆ is even or
odd. In the particular case of compact projective planes (i.e. for m = 3), this result was also
proved by Grundho¨fer in a very short and elegant way, see [Gru86, Theorem 1].
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Corollary E (Burns–Spatzier). Let ∆ be a thick compact m-gon withm ≥ 3. Then Auttop(∆)
is locally compact.
One could ask if the definition of the set Jε(C,C
′, U, U ′, E0, E1) whose compactness is
ensured by Theorem C is optimal: is there any natural bigger subset of Auttop(∆) whose
compactness could be proved as well for all compact polygons? In that direction, we suggest
the following question; we feel that the answer is likely to be positive.
Question. Under the same hypotheses and with the same notation as in Theorem C, is the
following set compact?
J˜ε(C,C
′, U, U ′, E0, E1) :=

ϕ ∈ Auttop(∆)
∣∣∣∣∣∣
ϕ(C) ∈ U, ϕ(C ′) ∈ U ′,
ρ(ϕ(C), ϕ(Ei)) ≥ ε ∀i ∈ {0, 1},
ρ(ϕ(Di), ϕ(Ei)) ≥ ε ∀i ∈ {0, 1}

 .
Actually, this question is a natural generalization of the well-known conjecture that in
any compact projective plane, the stabilizer of four points, none three of which are collinear,
is compact (see [SBG+95, Section 44]). It should also be emphasized that this question is
strongly related to the conjecture mentioned at the beginning of this introduction. Indeed,
in order to prove the conjecture, it only remains to show that Condition (ii) or (iii) in The-
orem A is satisfied by any strongly transitive compact polygon. A positive answer to the
above question would ensure that a slightly weaker condition than (iii) holds for all compact
polygons; in view of Theorem A, this would be an important step toward the proof of the
conjecture.
The proof of Theorem C is given in Section 3, while Theorem A is proved in Section 4
(see Corollary 4.6, Proposition 4.9 and Theorem 4.19). Some of the preparatory results of
Section 3 are also used in Section 4 to prove the implication (iii) ⇒ (i) of Theorem A.
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2 Preliminaries
In this section, we give the definition and first properties of compact spherical buildings and
recall what the strong transitivity and the Moufang property exactly are.
2.1 Compact spherical buildings
Let ∆ be a spherical building of rank k viewed as a simplicial complex, and denote by ∆r the
set of simplices of dimension r− 1 in ∆ (for r ∈ {1, . . . , k}). We fix an ordering of the k types
of vertices in ∆. Then ∆ is called a compact spherical building if the set Vert∆ := ∆1
carries a compact topology such that the set Cham∆ := ∆k is closed in (Vert∆)
k (where a
chamber of ∆ is viewed as a k-tuple of vertices, ordered according to their type). For each
r ∈ {1, . . . , k}, ∆r is given the induced topology from the product topology on (Vert∆)
r.
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We also say that ∆ is connected or totally disconnected when Cham∆ has the said property.
When ∆ is thick and has no factor of rank 1, one can actually show that the topology on Vert∆
is metrizable (see [GKVMW12, Proposition 6.14]). We will therefore always suppose that the
topology comes from a metric. The topological automorphism group Auttop(∆) of ∆ is
the group of all automorphisms of ∆ whose restriction to each ∆r are homeomorphisms. The
group Auttop(∆) is endowed with the topology induced from the compact-open topology of
C(Cham∆,Cham∆) (where C(X,Y ) denotes the set of continuous maps fromX to Y ). Since
Cham∆ is compact and metrizable, it also actually is the topology of uniform convergence.
We can now give the first properties of compact buildings. The following results all come
from article [BS87a] of Burns and Spatzier and are almost direct consequences of the definition
of compact buildings, except Lemma 2.8 whose proof is more technical.
Proposition 2.1. Let ∆ be a compact spherical building of rank k. The set
{(R,R′) ∈ ∆2r | R is opposite R
′}
is open in ∆2r for each 1 ≤ r ≤ k.
Proof. See [BS87a, Proposition 1.9].
Proposition 2.2. Let C be a chamber of a compact spherical building ∆ and R be a face of
a chamber opposite C. If Rn → R and Cn → C, then projRn Cn → projR C.
Proof. See [BS87a, Proposition 1.10].
Corollary 2.3. Let R and R′ be two opposite residues of a compact spherical building ∆.
The projection projR |R′ : ChamR
′ → ChamR is a homeomorphism.
Proof. This follows from Proposition 2.2.
In a polygon (i.e. a spherical building of rank 2), we will say that a gallery (C1, . . . , Cn)
stammers if Ci = Ci−1 for some i ∈ {2, . . . , n}. The two following results are true in any
usual (non-topological) polygon. Recall that an m-gon is a polygon of diameter m.
Lemma 2.4. Let ∆ be an m-gon. A gallery (C1, . . . , Cn) in ∆ with n ≤ m+ 1 is minimal if
and only if it does not stammer. In particular, there is no non-stammering closed gallery in
∆ having less than 2m chambers.
Proof. This is a direct consequence of [BS87a, Lemma 0.4].
Corollary 2.5. Let ∆ be a polygon and x, y be distinct non-opposite vertices of ∆. There is
a unique minimal gallery with initial vertex x and final vertex y, which we denote by [x, y].
Proof. The existence of two minimal galleries from x to y would contradict Lemma 2.4.
When ∆ is a polygon, we denote by D : Vert∆ × Vert∆ → N the graph distance in the
1-dimensional simplicial complex ∆.
Lemma 2.6. Let ∆ be a compact polygon and x, y be distinct non-opposite vertices of ∆. If
xn → x, yn → y and D(xn, yn) = D(x, y) for all n ∈ N, then [xn, yn]→ [x, y].
Proof. See [BS87a, Lemma 1.12].
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We say that two vertices v and v′ in an m-gon are almost opposite if D(v, v′) = m− 1
(note that D(v, v′) = m if and only if v and v′ are opposite). We then have a result similar
to Proposition 2.1 for almost opposite vertices.
Proposition 2.7. Let ∆ be a compact polygon. The set
{(v, v′) ∈ (Vert∆)2 | v is almost opposite v′}
is open in (Vert∆)2.
Proof. See [BS87a, Lemma 1.13].
The following result will finally be helpful in the proofs of Theorems A and C.
Lemma 2.8. Let ∆ be an infinite thick compact m-gon with m ≥ 3. For each v ∈ Vert∆,
no chamber of Cham(v) is isolated in Cham(v). In particular, Cham(v) is infinite.
Proof. See [BS87a, Lemma 1.14].
2.2 Strong transitivity and the Moufang property
Let ∆ be a spherical building and Aut(∆) be the automorphism group of ∆. A subgroup G
of Aut(∆) is said to be strongly transitive if G is transitive on the set of all pairs (A,C)
where A is an apartment of ∆ and C is a chamber of A. If ∆ is a usual (non-topological)
building, we say that ∆ is strongly transitive when Aut(∆) is strongly transitive. If ∆ is
a compact building, this terminology is rather used when Auttop(∆) is strongly transitive.
The following fact is almost immediate but worth mentioning.
Lemma 2.9. Let ∆ be a spherical building and π, π′ be opposite panels of ∆. Let also G be
a strongly transitive subgroup of Aut(∆). Then the stabilizer StabG(π, π
′) of π and π′ in G
acts 2-transitively on Cham(π).
Proof. Let C1 6= D1 and C2 6= D2 be chambers in Cham(π). We want to find g ∈ StabG(π, π
′)
such that g(C1) = C2 and g(D1) = D2. Let A1 (resp. A2) be the apartment of ∆ containing
C1 (resp. C2), D1 (resp. D2) and π
′. By strong transitivity of G, there is g ∈ G such that
g(A1) = A2 and g(C1) = C2. Clearly, we also have g(π) = π, g(π
′) = π′ and g(D1) = D2.
The Moufang property is another transitivity hypothesis on the automorphism group of
a building. We say that a thick irreducible spherical building ∆ is Moufang (or satisfies the
Moufang property) if for each root α of ∆, the root group
Uα := {g ∈ Aut(∆) | g fixes every chamber having a panel in α \ ∂α}
acts transitively on the set of apartments of ∆ containing α. A natural wish would be to
replace Aut(∆) with Auttop(∆) in the case where ∆ is a compact building, but this is actually
not necessary. Indeed, one can show that every element of a root group is automatically
continuous, hence contained in Auttop(∆) (see [GKVMW12, Corollary 6.17]).
3 A compactness criterion for subsets of Auttop(∆)
This section is dedicated to the proof of Theorem C which gives, in a compact polygon ∆, a
sufficient condition on subsets of Auttop(∆) for being compact.
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3.1 Relative compactness in Auttop(∆)
To prove Theorem C, we need some characterization of relative compactness in Auttop(∆).
The tool that will help us is the Arzela-Ascoli theorem. For the reader’s convenience, we
recall its statement below. First recall that when X is a topological space and Y is a metric
space, a subset F of C(X,Y ) is said to be equicontinuous at x0 ∈ X if, for all ε > 0, there
exists a neighbourhood U of x0 such that
f(U) ⊆ B(f(x0), ε) for all f ∈ F ,
where B(x, r) denotes the open ball of radius r centered at x. The set F is then called
equicontinuous on X if it is equicontinuous at each point of X.
Theorem (Arzela-Ascoli). Let X be a topological space and Y be a metric space. Let F be a
subset of C(X,Y ). If F is equicontinuous on X and if {f(x) | f ∈ F} is relatively compact
in Y for all x ∈ X, then F is relatively compact in C(X,Y ) equipped with the compact-open
topology. The converse holds if X is locally compact.
Proof. See [Mun00, Theorem 47.1].
We can now already give some characterization of relative compactness in Auttop(∆).
Lemma 3.1. Let ∆ be a compact spherical building. A set S ⊆ Auttop(∆) is relatively
compact in Auttop(∆) if and only if S and S−1 are equicontinuous on Cham∆.
Proof. First assume that S is relatively compact in Auttop(∆). The set S is thus also rel-
atively compact in C(Cham∆,Cham∆), hence S is equicontinuous on Cham∆ by Arzela-
Ascoli. Since Auttop(∆) is a topological group, the inverse function of Auttop(∆) is a home-
omorphism and S−1 is in turn relatively compact and equicontinuous on Cham∆.
Conversely, assume that S and S−1 are equicontinuous. We want to show that S is
relatively compact in Auttop(∆). We already know by Arzela-Ascoli that S is relatively
compact in C(Cham∆,Cham∆). A way to conclude is therefore to prove that the closure of
S in C(Cham∆,Cham∆) is contained in Auttop(∆). We thus consider a sequence ϕn → ϕ
with {ϕn} ⊆ Auttop(∆) and ϕ ∈ C(Cham∆,Cham∆) and prove that ϕ ∈ Auttop(∆). As
a direct consequence of the fact that the adjacency relation is closed in a compact building,
ϕ is a (continuous) building morphism. To complete the proof, it suffices to find another
such morphism ψ so that ϕψ = ψϕ = id∆. Since S
−1 is equicontinuous and thus relatively
compact in C(Cham∆,Cham∆), it follows that some subsequence of (ϕ−1n ) converges to an
element of C(Cham∆,Cham∆). Taking this limit for ψ, we obtain ϕψ = ψϕ = id∆.
To prove that a given subset of Auttop(∆) is relatively compact, we will generally proceed
by contradiction. In this context, the next proposition will be helpful. We introduce a
convenient definition to state it.
Definition 3.2. Let ∆ be a compact polygon. Two convergent sequences an → a and bn → b
in Vert∆ are said to be collapsed by a sequence {ϕn} ⊆ Auttop(∆) if a 6= b and if ϕnan → x
and ϕnbn → x for some x ∈ Vert∆.
Proposition 3.3. Let ∆ be a compact polygon and S ⊆ Auttop(∆). If S is not relatively
compact in Auttop(∆), then there exist two sequences an → a and bn → b in Vert∆ which
are collapsed by some sequence (ϕn) in S or in S
−1.
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Proof. Let S be a subset of Auttop(∆) which is not relatively compact. By Lemma 3.1, S
or S−1 is not equicontinuous on Cham∆ and therefore also not equicontinuous on Vert∆.
Suppose S is not equicontinuous. Then there exist some x ∈ Vert∆ and ε > 0 such that
for every neighbourhood U of x, there exists ψ ∈ S satisfying ψ(U) 6⊆ B(ψx, ε). In other
words, for every n ∈ N∗ there exist ψn ∈ S and yn ∈ B
(
x, 1
n
)
such that ψnyn 6∈ B(ψnx, ε).
Clearly yn → x and we can assume by passing to a subsequence that ψnx→ a and ψnyn → b
for some a 6= b. Hence, the sequences an = ψnx → a and bn = ψnyn → b are collapsed by
{ϕn = ψ
−1
n } ⊆ S
−1. The case where S−1 is not equicontinuous is identical but gives two
sequences which are collapsed by a sequence in (S−1)−1 = S.
3.2 Sequences collapsed by a sequence of automorphisms
In this section, we consider a compact polygon ∆. Proposition 3.3 states that one can deduce
from non-relative compactness of a subset S of Auttop(∆) that there exist two sequences
an → a and bn → b of vertices of ∆ collapsed by a sequence in S or in S
−1. The goal
of this subsection is to show that we can actually obtain additional constraints on these
two sequences. The following result of Burns and Spatzier already goes in this direction by
asserting that we can assume D(an, bn) = D(a, b) = 2.
Proposition 3.4. Let ∆ be a thick compact polygon. If there exist two sequences an → a and
bn → b in Vert∆ collapsed by a sequence {ϕn} ⊆ Auttop(∆), then there exist two sequences
a′n → a
′ and b′n → b
′ collapsed by (ϕn) and such that D(a
′
n, b
′
n) = D(a
′, b′) = 2 for all n ∈ N.
Proof. See [BS87a, Discussion between Assertions 2.3 and 2.4].
Now suppose that we are given a converging sequence of apartments An → A, i.e. 2m con-
verging sequences v
(n)
i → vi (i ∈ {0, . . . , 2m− 1}) where v
(n)
0 , . . . , v
(n)
2m−1 (resp. v0, . . . , v2m−1)
are the vertices of an apartment An (resp. A). In this context, we can generally even assume
that the middle vertex cn of an and bn (which are such that D(an, bn) = 2) is a vertex of An.
For this reason we introduce the following definition.
Definition 3.5. Let ∆ be a compact polygon. Two convergent sequences an → a and bn → b
in Vert∆ are said to be centered at cn → c if D(an, cn) = D(cn, bn) = 1 for all n ∈ N. This
also implies that D(a, c) = D(c, b) = 1.
Before proving the announced result, we show the next lemma, which provides a way to
go from a sequence of vertices to a sequence of opposite vertices.
Lemma 3.6. Let ∆ be a compact polygon and let an → a and bn → b be two sequences in
Vert∆ centered at cn → c and collapsed by a sequence {ϕn} ⊆ Auttop(∆). Let also c
′
n → c
′
be a sequence in Vert∆ such that c′n (resp. c
′) is opposite cn (resp. c) for all n ∈ N. Suppose
that ϕncn → c˜ and ϕnc
′
n → c˜
′ for some opposite vertices c˜ and c˜′. Denote by Cn (resp. Dn) the
chamber whose vertices are cn and an (resp. bn) and by a
′
n (resp. b
′
n) the vertex of projc′n(Cn)
(resp. projc′n(Dn)) different from c
′
n. Then the sequences (a
′
n) and (b
′
n) converge, are centered
at (c′n) and are collapsed by (ϕn).
Proof. By Proposition 2.2, the sequence (a′n) converges to a
′, the vertex of projc′(C) dif-
ferent from c′ where C is the chamber having vertices c and a. The sequence (b′n) con-
verges to b′ defined in the same way and a′ 6= b′ since a 6= b. The fact that these two
sequences are collapsed by (ϕn) directly comes from the observation that the two sequences
9
cn c′n
a′n
b′n
Cn
Dn
an
bn
Figure 2: Illustration of Lemma 3.6.
(
ϕn projc′n(Cn)
)
=
(
projϕnc′n(ϕnCn)
)
and
(
ϕn projc′n(Dn)
)
=
(
projϕnc′n(ϕnDn)
)
have the
same limit by Proposition 2.2.
We draw attention to the fact that it is essential to have c˜ and c˜′ opposite each other to
apply the previous lemma.
Proposition 3.7. Let ∆ be a thick compact polygon and An → A be a converging sequence
of apartments of ∆. If there exist two sequences an → a and bn → b in Vert∆ collapsed by a
sequence {ϕn} ⊆ Auttop(∆) and if ϕnAn → A˜ for some apartment A˜ of ∆, then there exist
two sequences a′n → a
′ and b′n → b
′ centered at c′n → c
′ and collapsed by some subsequence of
(ϕn), with c
′
n ∈ An for all n ∈ N.
Proof. By Proposition 3.4, we can assume that the two sequences an → a and bn → b are
centered at some sequence of vertices cn → c. Let d be a vertex of A opposite c (to find such
a vertex, one can take a gallery from c to any vertex of A and extend this one with chambers
of A until an opposite vertex is reached) and let dn be the vertex of An (for n ∈ N) such
that dn → d. Denote also by d˜ the limit of (ϕndn). By Proposition 2.1, cn is opposite dn for
sufficiently large n. We can also assume by passing to a subsequence that (ϕncn) converges
to some c˜. If c˜ is opposite d˜, then we can immediately complete the proof using Lemma 3.6.
If, on the contrary, c˜ is not opposite d˜, then we cannot proceed in this way. In this case,
pick a sequence en → e with en (resp. e) adjacent to dn (resp. d) but not contained in An
(resp. A). It is easy to show that such a sequence exists, using for example Proposition 2.2.
Since e is almost opposite c, en is almost opposite cn for sufficiently large n (Proposition 2.7).
For these n, there is a gallery from dn to cn of length m = diam∆ passing through en.
Let dn = e
(n)
0 , e
(n)
1 = en, . . . , e
(n)
m−1, e
(n)
m = cn be the vertices of this gallery, as illustrated in
Figure 3. After passing to subsequences, we can suppose that e
(n)
i → ei and ϕne
(n)
i → e˜i for
each i ∈ {0, . . . ,m}. In particular, e˜0 = d˜ and e˜m = c˜. Since c˜ is not opposite d˜, the gallery of
vertices d˜ = e˜0, e˜1, . . . , e˜m = c˜ must stammer. This means that there exists k ∈ {0, . . . ,m−2}
such that e˜k = e˜k+2 (if there is more than one such k, then we choose the smallest one). In
c′n
An
dn cn
e
(n)
1 = en
e
(n)
k
e
(n)
k+1
e
(n)
k+2
e
(n)
m−1
Figure 3: Illustration of Proposition 3.7.
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other words, since ek 6= ek+2, the two sequences e
(n)
k → ek and e
(n)
k+2 → ek+2 are centered at
e
(n)
k+1 → ek+1 and collapsed by (ϕn). Now take c
′ a vertex of A such that D(c′, d) = m− k− 1
and c′n the vertex of An (for n ∈ N) such that c
′
n → c
′. Thanks to this choice, ek+1 is opposite
c′ and e˜k+1 is opposite the limit c˜
′ of (ϕnc
′
n) (in the particular case where e˜1 ∈ A˜, we choose
c′ so that the minimal gallery from d˜ to c˜′ does not contain e˜1). We can therefore apply
Lemma 3.6 to the sequences e
(n)
k → ek and e
(n)
k+2 → ek+2 centered at e
(n)
k+1 → ek+1 and the
opposite sequence c′n → c
′.
The following result eventually shows that we can even suppose that one of the two
sequences which are collapsed is contained in the sequence of apartments An → A. The proof
only works when the diameter m of ∆ is at least 3, i.e. when ∆ is irreducible.
Proposition 3.8. Let ∆ be a thick compact m-gon with m ≥ 3 and An → A be a converging
sequence of apartments of ∆. If there exist two sequences an → a and bn → b in Vert∆
collapsed by a sequence {ϕn} ⊆ Auttop(∆) and if ϕnAn → A˜ for some apartment A˜ of ∆,
then there exist two sequences a′n → a
′ and b′n → b
′ centered at c′n → c
′ and collapsed by some
subsequence of (ϕn), with c
′
n ∈ An and a
′
n ∈ An for all n ∈N.
Proof. By Proposition 3.7, we can assume that the sequences an → a and bn → b are centered
at vn → v with vn ∈ An (and thus v ∈ A). Let x˜ be the common limit of (ϕnan) and (ϕnbn).
If x˜ is a vertex of A˜, then consider sn → s the sequence of vertices with sn ∈ An and
s ∈ A such that ϕnsn → x˜. Since a 6= b, we can assume without loss of generality that a 6= s.
The sequences an → a and sn → s are then collapsed by (ϕn), which ends the proof.
Suppose now that x˜ 6∈ A˜. Let v′n (resp. v
′) be the vertex of An (resp. A) opposite
vn (resp. v), v˜
′ be the limit of (ϕnv
′
n) and wn → w be a sequence of vertices where wn
(resp. w) is a vertex of An (resp. A) and is adjacent to v
′
n (resp. v
′). Consider also a sequence
un → u with un (resp. u) adjacent to wn (resp. w) but outside An (resp. A). Passing to a
subsequence if necessary, we can assume that ϕnun → u˜ for some vertex u˜ (adjacent to the
v′nwn
c′n
un
dn
Cn
en
vn
an bn
cn
C ′n
fn
An
Figure 4: Illustration of Proposition 3.8.
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limit of (ϕnwn)). Once again, if u˜ ∈ A˜ then the proof is completed. We therefore assume that
u˜ 6∈ A˜. For sufficiently large n, an is almost opposite un and bn is almost opposite v
′
n (see
Proposition 2.7). We can thus draw [an, un] and [bn, v
′
n] as in Figure 4. Thanks to Lemma 2.6,
ϕn[an, un]→ [x˜, u˜] and ϕn[bn, v
′
n]→ [x˜, v˜
′]. The fact that u˜ 6∈ A˜ ensures that the two galleries
[x˜, u˜] and [x˜, v˜′] have no shared chambers. Let cn be the vertex of [bn, v
′
n] adjacent to bn, dn
be the vertex of [un, an] adjacent to un, en be the vertex of [dn, an] adjacent to dn, and Cn be
the chamber whose vertices are dn and en. The vertices en and cn are opposite for large n.
Now, let C ′n be the projection of Cn on cn and fn be the vertex of C
′
n different from cn. Since
dn and cn are almost opposite as well as the limits of (ϕndn) and (ϕncn), Lemma 2.6 gives
ϕnfn → x˜ and the two sequences (bn) and (fn) centered at (cn) are collapsed by (ϕn).
Let finally c′ be a vertex of A at distance 2 from v′ such that c′ is opposite the limit of
(cn) and let c
′
n be the vertex of An (for n ∈ N) such that c
′
n → c
′. As the limits of (ϕncn)
and (ϕnc
′
n) are opposite, we can apply Lemma 3.6 to get two sequences of vertices centered
at c′n → c
′, collapsed by (ϕn) and so that one of them is contained in An → A.
3.3 Proof of the compactness criterion
The following lemma is almost evident but will play an important role in the next results. As
in the statement of Theorem C, we write Bv(C, r) for the open ball in Cham(v) centered at
C and of radius r.
Lemma 3.9. Let ∆ be a compact polygon and v(n) → v and v′(n) → v′ be two sequences in
Vert∆ such that v(n) (resp. v) is opposite v′(n) (resp. v′) for all n ∈ N. Let also X(n) → X
be a sequence in Cham∆ such that X(n) (resp. X) has vertex v(n) (resp. v) for all n ∈ N.
For each η > 0, there exists η′ > 0 such that
Bv′(n)(projv′(n)(X
(n)), η′) ⊆ projv′(n)(Bv(n)(X
(n), η)) for all n ∈ N.
Proof. Fix η > 0 and suppose by contradiction that η′ does not exist. This means that we can
find, after passage to a subsequence, a sequence (Y (n)) with Y (n) ∈ Bv′(n)(projv′(n)(X
(n)), 1
n
)
but Y (n) 6∈ projv′(n)(Bv(n)(X
(n), η)) for all n ∈ N∗. By Proposition 2.2, Y (n) → projv′(X) and
thus projv(n)(Y
(n)) → projv(projv′(X)) = X. This contradicts the fact that projv(n)(Y
(n)) 6∈
Bv(n)(X
(n), η) for all n ∈ N∗.
The next definition will turn out to be convenient.
Definition 3.10. Let X(n) → X and Y (n) → Y be two sequences in Cham∆ with X(n)
(resp. X) adjacent to Y (n) (resp. Y ) in vertex v(n) (resp. v) for all n ∈ N. Let (ϕn) be a
sequence in Auttop(∆) such that ϕnY
(n) → Y˜ for some Y˜ ∈ Cham∆. For η > 0, we say
that (X,Y ) is η-correct (the sequences Xn → X, Yn → Y and (ϕn) being clear from the
context) if for each sequence (T (n)) with T (n) ∈ Bv(n)(X
(n), η) the sequence (ϕnT
(n)) does not
accumulate at Y˜ . We say that (X,Y ) is correct if it is η-correct for some η > 0.
The following lemma is the key result for the proof of Theorem C. Indeed, it makes it
possible to find some kind of uniform convergence from just a simple convergence. Figure 5
should make the statement easier to digest.
Lemma 3.11. Let ∆ be a compact polygon and A(n) → A be a converging sequence of apart-
ments of ∆. Let v
(n)
0 , . . . , v
(n)
2m−1 (resp. v0, . . . , v2m−1) be the vertices of A
(n) (resp. A) such
12
T (n) R
(n)
r(n)
v
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m+1 v
(n)
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(n)
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(n)
m−1
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(n)
0
v
(n)
1
C
(n)
0
C
(n)
1
b(n)
S(n)
A
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Figure 5: Illustration of Lemma 3.11.
that v
(n)
i → vi for i ∈ {0, . . . , 2m− 1} and let C
(n)
i (resp. Ci) be the chamber having vertices
v
(n)
i (resp. vi) and v
(n)
i+1 (resp. vi+1) for i ∈ {0, . . . , 2m−1}, where v
(n)
2m := v
(n)
0 and v2m := v0.
Let also b(n) → b 6∈ A be a sequence in Vert∆ such that b(n) is adjacent to v
(n)
0 for all n ∈N.
Fix η > 0. Then there exists η′ > 0 such that if (ϕn) is a sequence in Auttop(∆) satisfying
(a) ϕnv
(n)
i → v˜i for each i ∈ {0, . . . , 2m − 1} and the set of vertices v˜0, . . . , v˜2m−1 form an
apartment A˜ (whose chambers are denoted by C˜0, . . . , C˜2m−1 with ϕnC
(n)
i → C˜i),
(b) (Cm+1, Cm) is η-correct (with respect to (ϕn)),
(c) ϕnb
(n) → v˜1;
then for each sequence (R(n)) with R(n) ∈ B
v
(n)
m−1
(C
(n)
m−2, η
′) for all n ∈ N, ϕnR
(n) → C˜m−2.
Proof. Since b 6∈ A, we can assume that b(n) 6∈ A(n) for all n ∈ N. We consider the balls
B
v
(n)
m+1
(C
(n)
m+1, η) and apply Lemma 3.9 twice: first with the sequences v
(n)
m+1 → vm+1 and
b(n) → b and then with the sequences b(n) → b and v
(n)
m−1 → vm−1. This gives η
′ > 0 such that
B
v
(n)
m−1
(C
(n)
m−2, η
′) ⊆ proj
v
(n)
m−1
(projb(n)(Bv(n)
m+1
(C
(n)
m+1, η))) for all n ∈ N. (∗)
We now prove that η′ satisfies the statement.
Consider a sequence (R(n)) with R(n) ∈ B
v
(n)
m−1
(C
(n)
m−2, η
′) and suppose for a contradic-
tion that there exists a sequence (ϕn) satisfying the conditions of the statement but such
that (ϕnR
(n)) does not converge to C˜m−2. Passing to a subsequence, we can assume that
ϕnR
(n) → R˜ 6= C˜m−2 and R
(n) → R. Now take S(n) = projb(n)(R
(n)) and S = projb(R).
By Proposition 2.2, S(n) → S. Finally, define T (n) = proj
v
(n)
m+1
(S(n)) and T = projvm+1(S).
Once again, T (n) → T . By (∗), T (n) ∈ B
v
(n)
m+1
(C
(n)
m+1, η) for all n ∈ N. We now show that the
convergence of (ϕnR
(n)) to R˜ 6= C˜m−2 necessarily implies ϕnT
(n) → C˜m, which is impossible
since (Cm+1, Cm) is η-correct.
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Denote by r(n) the vertex of R(n) different from v
(n)
m−1 and by r˜ the vertex of R˜ different
from v˜m−1. Since b
(n) and r(n) are almost opposite (for large enough n) as well as v˜1 and r˜,
ϕn[b
(n), r(n)] → [v˜1, r˜] (Lemma 2.6) and in particular ϕnS
(n) → C˜1. As v1 is opposite vm+1,
we therefore get by Proposition 2.2:
ϕnT
(n) = ϕn
(
proj
v
(n)
m+1
(S(n))
)
= proj
ϕnv
(n)
m+1
(ϕnS
(n))→ projv˜m+1(C˜1) = C˜m.
We are now able to prove Theorem C.
Proof of Theorem C. If ∆ is finite, then Auttop(∆) and Jε := Jε(C,C
′, U, U ′, E0, E1) are fi-
nite and the latter is thus compact. We will therefore assume that ∆ is infinite. By Lemma 2.8,
this implies that Cham(v) is infinite for each vertex v of ∆.
Since Jε is closed in Auttop(∆), it is compact if and only if it is relatively compact in
Auttop(∆). Suppose for a contradiction that it is not relatively compact. By Proposition 3.3,
there exist two sequences a(n) → a and b(n) → b collapsed by a sequence (ϕn) in Jε or in J
−1
ε .
Observe both cases:
(1) If {ϕn} ⊆ Jε, then we define C
(n) = C, C ′(n) = C ′, D
(n)
i = Di and E
(n)
i = Ei for all
n ∈ N and i ∈ {0, 1}. Let also A(n) = A be the apartment containing C and C ′ (for all
n ∈ N). Passing to a subsequence, we can assume that ϕnC
(n) → C˜ and ϕnC
′(n) → C˜ ′.
By definition of Jε, C˜ and C˜
′ are opposite, which means that ϕnA
(n) → A˜, the apartment
containing C˜ and C˜ ′. The definition of Jε is also such that (C,Di) and (Di, C) are ε-
correct for i ∈ {0, 1}. Finally, we can assume that ϕnE
(n)
i → E˜i and E˜i 6∈ A˜ for i ∈ {0, 1}.
(2) If {ϕn} ⊆ J
−1
ε , then we define F
(n) = ϕ−1n C, F
′(n) = ϕ−1n C
′, G
(n)
i = ϕ
−1
n Di and H
(n)
i =
ϕ−1n Ei for all n ∈ N and i ∈ {0, 1}. Passing to a subsequence, we can assume that
F (n) → F , F ′(n) → F ′, G
(n)
i → Gi and H
(n)
i → Hi. Note that F is opposite F
′ since
{ϕ−1n } ⊆ Jε, which allows us to denote by A
(n) (resp. A) the apartment containing F (n)
(resp. F ) and F ′(n) (resp. F ′) for all n ∈ N. By definition of Jε, Hi 6∈ A. Moreover,
ϕnF
(n) = C → C =: F˜ , ϕnF
′(n) = C ′ → C ′ =: F˜ ′ and ϕnH
(n)
i = Ei → Ei =: H˜i.
Hence, ϕnA
(n) → A˜, the apartment containing F˜ and F˜ ′. It is easy to see that (F,Gi)
and (Gi, F ) are ε-correct (with respect to (ϕn)) and clearly H˜i 6∈ A˜ for i ∈ {0, 1}.
The situations in (1) and (2) are exactly the same, replacing letters F , G and H in (2) by
letters C, D and E respectively. For this reason, we from now on assume that we are in case
(1) and only use the objects C(n) → C, C ′(n) → C ′, D
(n)
i → Di and E
(n)
i → Ei satisfying the
conditions stated above. Let v0, . . . , v2m−1 be the vertices of A in the natural order so that
E0 has vertex v0 and E1 has vertex v1. Once again, v
(n)
0 , . . . , v
(n)
2m−1 denotes the corresponding
vertices in A(n) and v˜0, . . . , v˜2m−1 the corresponding vertices in A˜.
Claim 1. (X,Y ) is correct for any two adjacent chambers X and Y in A.
Proof of the claim: In the proof of this claim, we say that vi is correct if (X,Y ) and (Y,X)
are correct where X and Y are the two chambers of A having vertex vi. We already know
that v0 and v1 are correct, and we want to prove that every vertex of A is correct.
We actually show that if vi is correct, then v−i and v2−i are also correct (the indices being
considered modulo 2m). To do so, draw the minimal gallery from E0 (resp. E
(n)
0 ) to vm
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Figure 6: Illustration of Claim 1.
(resp. v
(n)
m ) and denote by w1, . . . , wm−1 (resp. w
(n)
1 , . . . , w
(n)
m−1) its vertices (see Figure 6).
By Lemma 2.6, w
(n)
i → wi for each i ∈ {1, . . . ,m − 1}. Now assume that vi is correct for
some i ∈ {1, . . . ,m− 1}. To show that v−i is also correct, consider X a chamber of A having
vertex v−i and Y the other chamber of this apartment having vertex v−i. Project these two
chambers on wm−i by defining X
′ = projwm−i(X) and Y
′ = projwm−i(Y ), and then on vi
by defining X ′′ = projvi(X
′) and Y ′′ = projvi(Y
′). The chambers X ′′ and Y ′′ obviously are
the chambers of A having vertex vi. Define X
(n), Y (n), X ′(n), Y ′(n), X ′′(n) and Y ′′(n) in the
natural way. Since vi is correct, there exists η > 0 such that (X
′′, Y ′′) is η-correct. We can
assume that w
(n)
m−i is opposite v
(n)
i and v
(n)
−i for all n ∈ N since E0 6∈ A. This allows us to go
from vi to v−i via wm−i using Lemma 3.9 twice. This gives η
′ > 0 such that
B
v
(n)
−i
(X(n), η′) ⊆ proj
v
(n)
−i
(proj
w
(n)
m−i
(B
v
(n)
i
(X ′′(n), η))) for all n ∈N. (∗∗)
We now show that (X,Y ) is η′-correct. Suppose for a contradiction that there exists (T (n))
with T (n) ∈ B
v
(n)
−i
(X(n), η′) such that (ϕnT
(n)) accumulates at Y˜ , the limit of (ϕnY
(n)).
Considering T ′(n) = proj
w
(n)
m−i
(T (n)) and T ′′(n) = proj
v
(n)
i
(T ′(n)), Proposition 2.2 directly shows
that (ϕnT
′′(n)) accumulates at Y˜ ′′, the limit of (ϕnY
′′(n)). This is a contradiction since
(X ′′, Y ′′) is η-correct and T ′′(n) ∈ B
v
(n)
i
(X ′′(n), η) for all n ∈ N by (∗∗). Note that we assumed
i ∈ {1, . . . ,m− 1} but the reasoning is obviously the same for i ∈ {m+ 1, . . . , 2m− 1}.
The same construction with E1 instead of E0 enables us to go from vi to v2−i. We directly
conclude that all vertices are correct since v0 and v1 are correct and vi+2 = v2−(−i) is correct
as soon as vi is. The claim stands proven. 
From now on, we denote by Ci the chamber having vertices vi and vi+1 (indices being
taken modulo 2m).
Claim 2. After possible passage to a subsequence, there exists for each i ∈ {0, . . . , 2m− 1} a
sequence b
(n)
i → bi 6∈ A with b
(n)
i adjacent to v
(n)
i for all n ∈ N and ϕnb
(n)
i → v˜i+1. Similarly,
there exists a sequence c
(n)
i → ci 6∈ A with c
(n)
i adjacent to v
(n)
i and ϕnc
(n)
i → v˜i−1.
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Figure 7: Illustration of Claim 2.
Proof of the claim: Recall that there are two sequences a(n) → a and b(n) → b collapsed by
(ϕn). All the hypotheses of Proposition 3.8 being met, we can assume that a
(n) → a and
b(n) → b are centered at some v
(n)
j → vj and that a
(n) ∈ A(n) for all n ∈ N. Without loss of
generality, we may assume that a(n) = v
(n)
j+1. Clearly b 6= vj+1, and b 6= vj−1 since (Cj−1, Cj)
is correct. The sequence b
(n)
j → bj defined by b
(n)
j = b
(n) satisfies the statement of the claim
for i = j.
We now prove that one can construct b
(n)
j−1 → bj−1 from b
(n)
j → bj . Since (Cj+m+1, Cj+m)
is correct, there is by Lemma 3.11 a sequence d(n) → d 6∈ A with d(n) adjacent to v
(n)
j+m−1 such
that ϕnd
(n) → v˜j+m−2. After projection on v
(n)
j−1 → vj−1 (see Lemma 3.6), there is a sequence
b
(n)
j−1 → bj−1 6∈ A with b
(n)
j−1 adjacent to v
(n)
j−1 such that ϕnb
(n)
j−1 → v˜j. By repeating this process,
we get the sequences b
(n)
i → bi satisfying the statement for each i ∈ {0, . . . , 2m − 1}. Using
Lemma 3.6, there obviously also is for each vertex vi a sequence c
(n)
i → ci 6∈ A with c
(n)
i
adjacent to v
(n)
i such that ϕnc
(n)
i → v˜i−1. 
Let us now focus on Cham(v0). In the rest of this proof, we associate to each X ∈
Cham(v0) a sequence X
(n) → X with X(n) ∈ Cham(v
(n)
0 ). Such a sequence exists, take for
instance X(n) = proj
v
(n)
0
(projvm(X)) (vm being opposite v
(n)
0 for sufficiently large n).
Claim 3. For each X ∈ Cham(v0), there exists ηX > 0 such that if ϕk(n)X
(k(n)) → X˜ for
some subsequence (ϕk(n)) of (ϕn) and some chamber X˜, then ϕk(n)R
(k(n)) → X˜ for each
sequence (R(n)) with R(n) ∈ B
v
(n)
0
(X(n), ηX) for all n ∈ N.
Proof of the claim: Let X ∈ Cham(v0) and first assume that X 6= C,D0. Consider the
sequence of apartments A
(n)
1 → A1 where A
(n)
1 is the apartment containing C
(n), X(n) and
v
(n)
m , and the sequence A
(n)
2 → A2 where A
(n)
2 is the apartment containing D
(n)
0 , X
(n) and v
(n)
m
(X(n) is different from C(n) and D
(n)
0 for sufficiently large n). The idea is to apply Lemma 3.11
to these two sequences of apartments simultaneously. We do it for A
(n)
1 → A1. Denote by
w
(n)
m+1, . . . , w
(n)
2m−1 the new vertices of A
(n)
1 as in Figure 8. The sequence c
(n)
1 → c1 6∈ A is such
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Figure 8: Illustration of Claim 3.
that ϕnc
(n)
1 → v˜0 and, after projecting on w
(n)
m+1 → wm+1 (see Lemma 3.6), there also is a
sequence d(n) → d 6∈ A1 with d
(n) adjacent to w
(n)
m+1. Moreover, by Claim 1 there exists η1 > 0
such that (C2, C1) is η1-correct. We can therefore apply Lemma 3.11 which provides η
′
1 > 0
satisfying the properties stated in this same lemma. In the same way with A
(n)
2 → A2, there
is η′2 > 0 with similar properties.
We now prove that ηX = min(η
′
1, η
′
2) is adequate. Suppose that ϕk(n)X
(k(n)) → X˜ for
some subsequence (ϕk(n)) of (ϕn) and some chamber X˜ . If X˜ 6= C, then the sequence of
apartments ϕk(n)A
(k(n))
1 converges to the apartment A˜1 containing C˜, X˜ and v˜m. Also, we
have in this case ϕk(n)d
(k(n)) → w˜m+2 (the limit of (ϕk(n)w
(k(n))
m+2 )) because ϕnc
(n)
1 → v˜0. This
means that (ϕk(n)) satisfies the three conditions (a), (b) and (c) of Lemma 3.11 for η1 and
thus ϕk(n)R
(k(n)) → X˜ as soon as (R(n)) is a sequence with R(n) ∈ B
v
(n)
0
(X(n), η′1) for all
n ∈ N. On the other hand, if X˜ = C then X˜ 6= D0 and we can do the same trick with
A
(n)
2 → A2 and η
′
2. In either case, we have shown that ηX = min(η
′
1, η
′
2) is adequate.
Now if X = C, the convergence ϕk(n)X
(k(n)) → D˜0 cannot happen because (C,D0) is
correct. We can therefore in this case do the same reasoning with only A
(n)
2 → A2 and take
ηX = η
′
2. Similarly, for X = D0 we only consider A
(n)
1 → A1 and take ηX = η
′
1. 
To complete the proof, we show that the situation described in Claim 3 is actually impos-
sible. Indeed, by compactness of Cham(v0) we get
Cham(v0) =
r⋃
j=1
Bv0(Xj , ηXj )
for someX1, . . . ,Xr ∈ Cham(v0). Passing to a subsequence, we can assume that ϕnX
(n)
j → X˜j
for each j ∈ {1, . . . , r}. Now consider some S ∈ Cham(v˜0) \ {X˜1, . . . , X˜r} (which is non-
empty since each panel is infinite). By a construction similar to the construction of X(n)
from X, we can build a sequence S(n) → S with S(n) ∈ Cham(ϕnv
(n)
0 ) for all n ∈ N. Let
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R(n) = ϕ−1n S
(n); we can assume that R(n) → R ∈ Cham(v0). There exists j ∈ {1, . . . , r} such
that R ∈ Bv0(Xj , ηXj ) and this means that R
(n) ∈ B
v
(n)
0
(X
(n)
j , ηXj ) for sufficiently large n.
Hence, (ϕnR
(n)) should converge to X˜j , which is impossible as ϕnR
(n) = S(n) → S 6= X˜j .
Proof of Corollary D. Define D0, D1, v0 and v1 as in Theorem C and take ε > 0 sufficiently
small so that
(A) B(C, ε) ×B(C ′, ε) ⊆ {(X,X ′) ∈ (Cham∆)2 | X is opposite X ′},
(B) ρ(C,Di) ≥ 4ε for i ∈ {0, 1},
(C) there exists Ei ∈ Cham(vi) such that ρ(C,Ei) ≥ 3ε and ρ(Di, Ei) ≥ 3ε for i ∈ {0, 1}.
It is obvious that there exists ε > 0 satisfying (B) and (C), and Proposition 2.1 tells us that we
can choose it so that it also satisfies (A). It is then immediate to see that Lε(C,C
′) is a closed
subset of Jε(C,C
′, B(C, ε), B(C ′, ε), E0, E1), the latter being compact by Theorem C.
Proof of Corollary E. Consider two opposite chambers C and C ′ of ∆. The set Lε(C,C
′) is a
neighbourhood of the identity in Auttop(∆) and is compact for some ε > 0 by Corollary D.
4 Topological characterization of the Moufang property
In this last section, our ultimate goal is to prove Theorem A. The implications (i) ⇒ (ii) and
(ii) ⇒ (iii) are explained in the first two subsections while the most difficult part (iii) ⇒ (i)
is the subject of the rest of the section.
4.1 Convergence groups
If M is a topological space and G is a topological group acting continuously on M , then the
action of G on M is proper if for every compact set K ⊆M , the set {g ∈ G | g(K)∩K 6= ∅}
is compact. When M is compact, we also say that the action of G on M is n-proper if the
componentwise action of G on the space
M (n) = {(x1, . . . , xn} ∈M
n | xi 6= xj ∀i 6= j}
is proper, where M (n) is equipped with the induced topology from the product topology on
Mn. We finally say that G acts as a convergence group on M if G acts 3-properly on M .
We will be particularly interested in subgroups of the homeomorphism group of a compact
metric space M that act as a convergence group on M .
Lemma 4.1. Let (M,d) be a compact metric space and G be a subgroup of Homeo(M)
(equipped with the compact-open topology) acting as a convergence group on M . Then G is
closed in Homeo(M) and G is locally compact.
Proof. IfM has less than 3 elements, then Homeo(M) is finite and hence G is locally compact
and closed in Homeo(M). Now suppose that |M | ≥ 3.
We first show that G is closed in Homeo(M). Let gn → g be a sequence with gn ∈ G for
all n ∈ N and g ∈ Homeo(M). We want to prove that g ∈ G. Take x1, x2, x3 three distinct
elements of M and consider ε > 0 such that d(g(xi), g(xj)) > 2ε for each i 6= j. Define
K = {(x1, x2, x3)} ∪ (B(g(x1), ε) ×B(g(x2), ε)×B(g(x3), ε)) ⊆M
(3).
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This is clearly a compact subset of M (3), and gn ∈ {h ∈ G | h(K) ∩K 6= ∅} for sufficiently
large n. This set being compact by hypothesis, it is closed in G and g ∈ G.
We now prove thatG is locally compact. Once again, take x1, x2, x3 three distinct elements
of M . Choose ε > 0 such that d(xi, xj) > 3ε for each i 6= j and define
K = {(y1, y2, y3) ∈M
3 | d(yi, yj) ≥ ε ∀i 6= j} ⊆M
(3).
This is a compact subset of M (3) and thus V := {h ∈ G | h(K) ∩K 6= ∅} is compact. But V
contains the ball
B(id, ε) := {h ∈ G | d(h(x), x) < ε ∀x ∈M}.
Indeed, if h ∈ B(id, ε), then (h(x1), h(x2), h(x3)) ∈ h(K) ∩ K. Therefore, V is a compact
neighbourhood of the identity of G.
The notion of convergence group appears in the theory of trees.
Lemma 4.2. Let T be a locally finite tree. The automorphism group Aut(T ) of T with the
topology of pointwise convergence acts as a convergence group on the space of ends T∞ of T .
Proof. The action of Aut(T ) on the set of vertices of T (endowed with the discrete topology) is
proper, since T is locally finite. The result then follows from the fact that one can canonically
associate a vertex of T to each element of T
(3)
∞ .
The reason why we are interested in convergence groups is the existence of the following
reciprocal result, due to Carette and Dreesen.
Theorem 4.3 (Carette–Dreesen). Let G be a σ-compact, locally compact, non-compact group
acting continuously and transitively as a convergence group on an infinite compact totally
disconnected space M . Then G acts continuously, properly and faithfully on some locally
finite tree T and the spaces M and T∞ are equivariantly homeomorphic.
Proof. This is a particular case of [CD14, Theorem D].
4.2 Group of projectivities
If π and π′ are two opposite panels of a compact spherical building ∆, then the projection
projpi |pi′ : Cham(π
′)→ Cham(π) is a homeomorphism (see Corollary 2.3). A map of the form
[π0, π1, . . . , πn] := projpin ◦projpin−1 ◦ . . . ◦ projpi1 |pi0 : Cham(π0)→ Cham(πn)
where π0, π1, . . . , πn is a sequence of panels with πi opposite πi−1 for each i ∈ {1, . . . , n} is
called a projectivity from π0 to πn. The group of projectivities Π(π) associated to a
panel π is the group of all projectivities from π to π (seen as a subgroup of Homeo(Cham(π)),
so that two projectivities acting in the same way on Cham(π) are considered equal).
Now let X be a locally finite thick affine building of rank at least 3 and of irreducible
type. It is well known (see [GKVMW12, Proposition 6.4]) that the spherical building X∞ at
infinity of X can be given a structure of totally disconnected compact building. Also, one
can construct for each panel π of X∞ a locally finite thick tree T (π), often called panel-tree,
whose space of ends T∞(π) (we should actually write T (π)∞) is in bijective correspondence
with Cham(π) (see [Ron89, Lemma 10.4] or [Wei09, Proposition 11.22]). This bijection ψ :
T∞(π) → Cham(π) is a homeomorphism if we equip T∞(π) with the usual topology. There
also is a natural action of the group of projectivities Π(π) on T (π) and ψ is equivariant under
Π(π). These remarks are summarized in the following proposition.
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Proposition 4.4. Let X be a locally finite thick irreducible affine building of rank at least 3.
For each panel π of X∞, there exist a locally finite thick tree T (π) such that the group of
projectivities Π(π) acts on T (π) and a homeomorphism ψ : T∞(π) → Cham(π) equivariant
under Π(π).
Proof. See the results mentioned in the previous discussion.
We can now prove the implication (i) ⇒ (ii) in Theorem A.
Proposition 4.5. Let X be a locally finite thick irreducible affine building of rank at least 3.
For each panel π of X∞, the closure of the group of projectivities Π(π) in Homeo(Cham(π))
acts as a convergence group on Cham(π).
Proof. In view of Proposition 4.4, given a panel π of X∞ there is a tree T (π) such that Π(π)
acts on T (π) and the spaces T∞(π) and Cham(π) are equivariantly homeomorphic. We can
therefore see Π(π) as a subgroup of Aut(T (π)), and the closure Π(π) of Π(π) in Homeo(T∞(π))
remains in Aut(T (π)) since Aut(T (π)) is closed in Homeo(T∞(π)). Lemma 4.2 then states
that Aut(T (π)) acts as a convergence group on T∞(π). Since the restriction to a closed
subgroup of an action as a convergence group is itself an action as a convergence group, this
is also the case of Π(π). Recalling that T∞(π) and Cham(π) are equivariantly homeomorphic,
we see that Π(π) acts as a convergence group on Cham(π).
Corollary 4.6 (Theorem A, (i) ⇒ (ii)). Let ∆ be an infinite thick compact totally dis-
connected m-gon with m ≥ 3. If ∆ is Moufang, then for each panel π of ∆ the closure in
Homeo(Cham(π)) of the group of projectivities Π(π) acts as a convergence group on Cham(π).
Proof. By [GKVMW12, Theorem 1.1], ∆ is the building at infinity of some locally finite
thick irreducible affine building X of rank 3, i.e. ∆ ∼= X∞. The result then follows from
Proposition 4.5.
To prove the implication (ii)⇒ (iii) in Theorem A, we need some basic observations about
groups acting on a locally finite thick tree T so that the induced action on T∞ is 2-transitive.
We use a result of Tits to prove the following lemma, but the reader should be aware that it
can also be shown without using such a deep result.
Lemma 4.7. Let T be a locally finite thick tree and let G ≤ Aut(T ). If G acts 2-transitively
on T∞, then there exists a hyperbolic element in G, i.e. some g ∈ G that stabilizes a bi-infinite
geodesic ℓ of T and acts non-trivially on ℓ by translation.
Proof. Assume for a contradiction that G does not contain any hyperbolic element. Then
by [Tit70, Proposition 3.4], G is contained in the stabilizer of a vertex, an edge or an end of
T . However, none of these three situations is possible since G acts 2-transitively on T∞.
Lemma 4.8. Let T be a locally finite thick tree and let G ≤ Aut(T ). Consider an infinite
ray r = (vi)i≥1 in T and let v0 and v
′
0 be two vertices of T adjacent to v1 and different from
v2. If G acts 2-transitively on T∞, then there exists g ∈ G such that g(r) = r and g(v0) = v
′
0.
Proof. Consider a bi-infinite geodesic ℓ of T containing r and v0. By Lemma 4.7, there exists
a hyperbolic element in G, and by 2-transitivity of G there even is an element t ∈ G stabilizing
ℓ and acting on it non-trivially by translation. Replacing t by t−1 if necessary, we can assume
that t(v0) = vm for some m > 0. Now let ℓ
′ be a bi-infinite geodesic containing r and v′0. By
2-transitivity of G, we can conjugate t by an adequate element of G to find t′ ∈ G stabilizing
ℓ′ and such that t′(v′0) = vm. Then t
′−1t ∈ G fixes r and sends v0 on v
′
0.
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The implication (ii) ⇒ (iii) in Theorem A can now be shown.
Proposition 4.9 (Theorem A, (ii) ⇒ (iii)). Let ∆ be an infinite thick compact totally dis-
connected m-gon with m ≥ 3 and let π be a panel of ∆. Suppose that the closure of the group
of projectivities Π(π) in Homeo(Cham(π)) acts as a convergence group on Cham(π). Then
for all G ≤ Auttop(∆), the closure of the natural image of StabG(π) in Homeo(Cham(π))
acts as a convergence group on Cham(π).
Proof. By [Kna88, Lemma 1.2], the action of Π(π) on Cham(π) is 2-transitive. Now suppose
that the closure Π(π) of Π(π) in Homeo(Cham(π)) acts as a convergence group on Cham(π).
Claim 1. The group Π(π) acts on a locally finite thick tree T (π) such that T∞(π) and
Cham(π) are equivariantly homeomorphic.
Proof of the claim: We want to apply Theorem 4.3 and thus check its hypotheses. The
group Π(π) is locally compact (Lemma 4.1), σ-compact (it is second-countable by [Are46,
Theorem 5] and a locally compact second-countable space is always σ-compact), Cham(π) is
infinite (Lemma 2.8), compact and totally disconnected, and the action of Π(π) on Cham(π)
is continuous and transitive (even 2-transitive). It only remains to show that Π(π) is non-
compact. By contradiction, suppose that Π(π) is relatively compact in Homeo(Cham(π)).
It is therefore also relatively compact in C(Cham(π),Cham(π)) and, by the Arzela-Ascoli
theorem, Π(π) is equicontinuous on Cham(π). This is a contradiction with the fact that the
action of Π(π) on Cham(π) is 2-transitive. By Theorem 4.3, we therefore have a locally finite
tree T (π) as wanted. This tree may be not thick, but we can actually assume it is. Indeed, the
vertices of degree 1 can clearly be deleted, as well as the vertices of degree 2 by joining their
two neighbours. Note that there is no infinite ray in T (π) only containing vertices of degree 2
(which would prevent the deletion of these vertices) since this would imply the existence of
an isolated chamber in Cham(π), which is impossible in view of Lemma 2.8. 
The next claim shows that the structure of T (π) is encoded in the group structure of Π(π).
For any vertex v of T (π), we write Sv for the stabilizer of v in Π(π).
Claim 2. The groups Sv are pairwise distinct and are exactly the maximal compact subgroups
K of Π(π) such that [K : (K ∩H)] ≥ 3 for any other maximal compact subgroup H of Π(π).
Moreover, two distinct vertices v and v′ of T (π) are adjacent if and only if [Sv : (Sv ∩Sv′)] ≤
[Sv : (Sv ∩ Sw)] for any vertex w different from v.
Proof of the claim: In view of Lemma 4.8, the groups Sv are pairwise distinct. Moreover, they
are maximal compact subgroups of Π(π) and the only other maximal compact subgroups are
the stabilizers of those edges e for which there is an element of Π(π) inverting e (see [FTN91,
Theorem 5.2]). If Se denotes the stabilizer in Π(π) of such an edge e = [v1, v2], then [Se :
(Se∩Sv1)] = 2. On the other hand, if v is a vertex of T (π) then by Lemma 4.8 and since T (π)
is thick we have [Sv : (Sv ∩ Sv′)] ≥ 3 for v
′ a vertex different from v and [Sv : (Sv ∩ Se)] ≥ 3
for e an edge of T (π). The first part of the claim is therefore proven.
Now fix a vertex v of T . By Lemma 4.8, for any other vertex w the equality
[Sv : (Sv ∩ Sw)] = deg(v) ·
n−1∏
i=1
(deg(vi)− 1)
holds, where v, v1, . . . , vn−1, w is the path in T (π) joining v and w (this formula can be
obtained by induction on n). The second part of the claim follows from this observation. 
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Claim 3. The stabilizer StabAuttop(∆)(π) of π in Auttop(∆) acts on T (π) and the homeo-
morphism between T∞(π) and Cham(π) is equivariant under StabAuttop(∆)(π).
Proof of the claim: First remark that StabAuttop(∆)(π) normalizes Π(π) in Homeo(Cham(π)).
Indeed, if [π, π1, . . . , πn−1, π] is a projectivity and g ∈ StabAuttop(∆)(π), one can check that
g ◦ [π, π1, . . . , πn−1, π] ◦ g
−1 = [π, g(π1), . . . , g(πn−1), π].
In view of Claim 2, the action by conjugation of StabAuttop(∆)(π) on Π(π) induces an action of
StabAuttop(∆)(π) on T (π). It remains to show that the homeomorphism ψ : T∞(π)→ Cham(π)
given by Claim 1 is equivariant under StabAuttop(∆)(π). Consider g ∈ StabAuttop(∆)(π), C ∈
Cham(π) and (vi)i≥1 a ray in T (π) representing the end corresponding to C. We want to
show that the ray (g(vi))i≥1 represents the end corresponding to g(C). To do so, remark that
∞⋃
k=1
∞⋂
i=k
Svi
fixes C but does not fix any chamber different from C (this follows from Lemma 4.8). Now
we also have
g
(
∞⋃
k=1
∞⋂
i=k
Svi
)
g−1 =
∞⋃
k=1
∞⋂
i=k
Sg(vi) =: R
by definition of the action of StabAuttop(∆)(π) on T (π). But R fixes g(C) and also fixes the
chamber corresponding to the end represented by the ray (g(vi))i≥1. Since R can only fix one
chamber, the claim stands proven. 
In view of Claim 3 and since Aut(T (π)) is closed in Homeo(T∞(π)), for anyG ≤ Auttop(∆)
the closure of the image of StabG(π) in Homeo(Cham(π)) can be seen as a (closed) subgroup
of Aut(T (π)). The conclusion thus follows from Lemma 4.2, as the restriction to a closed
subgroup of an action as a convergence group is itself an action as a convergence group.
4.3 Conventions for the rest of the section
The rest of this section is dedicated to the proof of the implication (iii) ⇒ (i) in Theorem A.
Unless otherwise stated, we will from now on study an infinite thick compact totally discon-
nected m-gon ∆ with m ≥ 3. We will also assume that we are in presence of a strongly
transitive closed subgroup G of Auttop(∆) such that ∆ satisfies the property CGG:
Definition 4.10. Let ∆ be a compact polygon and let G be a subgroup of Auttop(∆). We
will say that ∆ has the property CGG if for each vertex (i.e. panel) v of ∆, the closure of
the image of StabG(v) in Homeo(Cham(v)) acts as a convergence group on Cham(v).
Our ultimate goal is to prove that, under these conditions, ∆ has the Moufang property.
We can already directly use Theorem 4.3 to construct a tree associated to each vertex of ∆.
Proposition 4.11. Let ∆ be an infinite thick compact totally disconnected m-gon with m ≥ 3
and let G be a strongly transitive subgroup of Auttop(∆) satisfying property CGG. Then for
each vertex v of ∆ there exists a locally finite thick tree T (v) such that StabG(v) acts on T (v)
and the spaces T∞(v) and Cham(v) are equivariantly homeomorphic.
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Proof. The property CGG tells us that the group i(StabG(v)) where i is the natural map from
StabG(v) to Homeo(Cham(v)) acts as a convergence group on Cham(v). All the hypotheses
of Theorem 4.3 are then satisfied. Indeed, i(StabG(v)) is locally compact (Lemma 4.1) and
σ-compact (it is second-countable by [Are46, Theorem 5] and a locally compact second-
countable space is always σ-compact), Cham(v) is infinite (Lemma 2.8), compact and totally
disconnected, and the action of i(StabG(v)) on Cham(v) is continuous and transitive (even
2-transitive, see Lemma 2.9). It only remains to show that i(StabG(v)) is non-compact.
Suppose for a contradiction that i(StabG(v)) is relatively compact in Homeo(Cham(v)). It is
therefore also relatively compact in C(Cham(v),Cham(v)) and, by the Arzela-Ascoli theorem,
i(StabG(v)) is equicontinuous on Cham(v). This is a contradiction with the fact that the
action of i(StabG(v)) on Cham(v) is 2-transitive.
Hence, there is a locally finite tree T (v) such that i(StabG(v)) acts on T (v) and so that
T∞(v) and Cham(v) are equivariantly homeomorphic. The group StabG(v) obviously acts on
T (v) too, and the homeomorphism remains equivariant under StabG(v). We can also assume
that T (v) is thick since the vertices of degree ≤ 2 can be deleted (for those of degree 2, the two
neighbours have to be joined by an edge). Note that there is no infinite ray only containing
vertices of degree 2 since it would contradict Lemma 2.8.
4.4 Automorphisms fixing an apartment
In this subsection, we focus on the fixator H = FixG(A) of an apartment A of ∆ (where
∆ and G are as described in Subsection 4.3). By Proposition 4.11, for each vertex v of A
there exists a tree T (v) whose space of ends corresponds to Cham(v). The group H acts
simultaneously on all these trees. Moreover, for each vertex v of A, H fixes the two chambers
of A having vertex v, which means that it fixes the two corresponding ends of T (v). In this
tree, H thus stabilizes the bi-infinite geodesic between these two ends, which we denote by
ℓv. We therefore have for each vertex v of A an induced action of H on ℓv.
Our goal is now to show that for every vertex v of A, there exists some element of H fixing
ℓv and ℓv′ pointwise where v
′ is the vertex of A opposite v but acting non-trivially on every
other ℓw. We will actively use this result in the last subsection to prove that ∆ is Moufang.
As a first step in this direction, we show that for each vertex v of A, there is an element
of H that acts non-trivially on ℓv.
Lemma 4.12. Let ∆ be an infinite thick compact totally disconnected m-gon with m ≥ 3 and
let G be a strongly transitive subgroup of Auttop(∆) satisfying property CGG. Let A be an
apartment of ∆, v be a vertex of A and H = FixG(A). There is an element of H that acts
non-trivially on ℓv.
Proof. Let v′ be the vertex of A opposite v and let L = StabG(v, v
′). Since G is strongly tran-
sitive, the natural image L˜ of L in Aut(T (v)) acts 2-transitively on T∞(v) (see Lemma 2.9).
By Lemma 4.7, there is a hyperbolic element in L˜ and hence an element that stabilizes ℓv but
does not fix it pointwise. It corresponds to an element of H that does not fix ℓv pointwise.
To go further in the discussion, we denote by v0, . . . , v2m−1 the vertices of A in the natural
order and distinguish three types of possible actions of an element t ∈ H around a vertex vi:
(a) If t fixes ℓvi pointwise, we will say that t acts trivially around vi.
(b) If t translates ℓvi toward the end representing the chamber of A having vertex vi+1, we
will say that t acts positively around vi.
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v2
v3v4
v5
Figure 9: Representation of an action.
(c) If t translates ℓvi toward the end representing the chamber of A having vertex vi−1, we
will say that t acts negatively around vi.
An example of such an action of an element t ∈ H on A is shown in Figure 9. An arrow in
the anticlockwise direction means that the action is positive while an arrow in the clockwise
direction means that it is negative. In this figure, the action is positive around v0, v1 and v2
and negative around v3, v4 and v5.
The three types of action can easily be spotted by observing how tn acts on ∆ when n
goes to infinity. Indeed, denoting by C+ the chamber having vertices vi and vi+1, by C− the
chamber having vertices vi and vi−1, and by C any chamber having vertex vi different from
C+ and C−, we get the following characterizations.
(a) t acts trivially around vi ⇔ t
n(C) does not accumulate at C+ nor at C−.
(b) t acts positively around vi ⇔ t
n(C)→ C+.
(c) t acts negatively around vi ⇔ t
n(C)→ C−.
These characterizations already allow us to prove the following lemma giving a relationship
between the action of an element t around vi and its action around vi+m, the opposite vertex
in A. The action represented in Figure 9 is coherent with this information.
Lemma 4.13. The action of an element t ∈ H around a vertex vi of A is opposite to its
action around vi+m: t either acts trivially around the two vertices, or it acts positively around
one and negatively around the other.
Proof. Let C 6∈ A be a chamber having vertex vi. Then projvi+m(C) is a chamber having
vertex vi+m and t
n(projvi+m(C)) = projvi+m(t
n(C)). By Proposition 2.2, the action of t
around vi is opposite to its action around vi+m.
We can now prove that H always contains some particular elements.
Proposition 4.14. Let ∆ be an infinite thick compact totally disconnected m-gon with m ≥ 3
and let G be a strongly transitive subgroup of Auttop(∆) satisfying property CGG. Let A be
an apartment of ∆, v0, . . . , v2m−1 be the vertices of A and H = FixG(A). For each i ∈
{0, . . . , 2m− 1}, there is an element of H that acts positively around all vertices of A closer
to vi than to vi+1 and negatively around all vertices of A closer to vi+1 than to vi (indices
being taken modulo 2m).
Proof. We divide the proof into three claims.
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Claim 1. There exists an element of H that acts positively around vs and negatively around
vs+1 for some s ∈ {0, . . . , 2m− 1}.
Proof of the claim: In view of Lemma 4.12, there is an element of H acting positively around
at least one vertex of A. We consider t ∈ H an element acting positively around a maximal
number of consecutive vertices of A, and denote by vr, vr+1, . . . , vs these vertices. Note that t
does not act positively around all vertices of A in view of Lemma 4.13. Hence, t acts negatively
or trivially around vs+1. Suppose that t acts trivially around vs+1. By Lemma 4.12, there is
t′ ∈ H acting non-trivially around vs+1. Replacing t
′ by t′−1 if necessary, we can assume that t′
acts positively around vs+1. Then for sufficiently large n ∈ N, t
nt′ ∈ H acts positively around
vr, . . . , vs, vs+1 which contradicts the maximality of t. This means that t acts negatively
around vs+1, and the claim stands proven. 
Claim 2. For each i ∈ {0, . . . , 2m − 1}, there exists an element of H that acts positively
around vi and negatively around vi+1.
Proof of the claim: By Claim 1, there is t ∈ H acting positively around vs and negatively
around vs+1 for some s ∈ {0, . . . , 2m− 1}. Now take i ∈ {0, . . . , 2m− 1}. Since G is strongly
transitive, there is an element g ∈ H sending the chamber with vertices vs and vs+1 to the
chamber having vertices vi and vi+1. It can be directly checked that gtg
−1 ∈ H acts positively
around vi and negatively around vi+1. 
Claim 3. Let s ∈ {0, . . . , 2m − 1} and let t ∈ H be an element acting positively around vs
and negatively around vs+1. Then t acts positively around all vertices of A closer to vs than
to vs+1 and negatively around all vertices of A closer to vs+1 than to vs.
Proof of the claim: By Lemma 4.13, t acts negatively around vs+m and positively around
vs+m+1 (see Figure 10). We now want to show that t acts negatively around each vertex
between vs+1 and vs+m and positively around all other vertices. We therefore consider some
vertex vi with s + 1 < i < s + m and show that the action around vi is negative (and it
vs vs+1
vs+m+1 vs+m
vi
Ci−1
Ci
vi+m
Ci+m
D
a
D′
a′
b
C ′ C
A
Figure 10: Illustration of Claim 3.
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will follow that the action around vi+m is positive). Denoting by Cj the chamber having
vertices vj and vj+1 for j ∈ {0, . . . , 2m − 1}, it suffices to find some chamber C 6∈ A having
vertex vi and such that t
n(C)→ Ci−1. To get one, consider a chamber D 6∈ A having vertex
vs+m+1 and a chamber D
′ 6∈ A having vertex vs. Let also a (resp. a
′) be the vertex of
D (resp. D′) different from vs+m+1 (resp. vs). The vertices a and a
′ are almost opposite
while tn(a) → vs+m+2 and t
n(a′) → vs+1 with vs+m+2 and vs+1 almost opposite. Hence,
tn([a, a′]) → [vs+m+2, vs+1] (Lemma 2.6). Now consider b the first vertex of [a, a
′] opposite
vi and C
′ the chamber just after b in this new gallery from vs+m+1 to vs (see Figure 10).
Clearly tn(b)→ vi+m and t
n(C ′)→ Ci+m. Define finally C = projvi(C
′) to get tn(C)→ Ci−1
as wanted (see Proposition 2.2). Note that C 6= Ci−1 since the vertex of C
′ different from b
is opposite vi−1. 
The proposition follows from Claim 2 and Claim 3.
The desired result can finally be shown.
Proposition 4.15. Let ∆ be an infinite thick compact totally disconnected m-gon with m ≥
3 and let G be a strongly transitive subgroup of Auttop(∆) satisfying property CGG. Let
A be an apartment of ∆, v0, . . . , v2m−1 be the vertices of A and H = FixG(A). For each
i ∈ {0, . . . ,m − 1}, there is an element of H that acts trivially around vi and vi+m but
non-trivially around all other vertices of A.
Proof. Fix i ∈ {0, . . . ,m − 1}. By Proposition 4.14, there exists t1 ∈ H acting positively
around all vertices of A closer to vi−1 than to vi and negatively around all vertices of A closer
to vi than to vi−1. There also exists t2 ∈ H acting positively around all vertices of A closer
to vi than to vi+1 and negatively around all vertices of A closer to vi+1 than to vi. Denote
by T1 ∈ N
∗ (resp. T2 ∈ N
∗) the length of the translation of ℓvi induced by t1 (resp. t2). Now
consider the element t = tT21 t
T1
2 ∈ H. Clearly, t acts trivially around vi (and hence around
vi+m) and non-trivially around all other vertices of A.
4.5 Proof of the characterization of the Moufang property
The proof of implication (iii) ⇒ (i) in Theorem A will use the theory of contraction groups.
If G is a topological group and t ∈ G, the contraction group associated to t is the subgroup
of G defined by
ConG(t) = {g ∈ G | t
ngt−n → e}
where e is the identity element of G. The parabolic subgroup associated to t is the subgroup
of G defined by
ParG(t) = {g ∈ G | {t
ngt−n}n∈N is relatively compact in G}.
The following lemma is immediate.
Lemma 4.16. Let f : G → H be a continuous homomorphism of topological groups and let
t ∈ G. We have the following inclusions.
f(ConG(t)) ⊆ ConH(f(t)) and f(ParG(t)) ⊆ ParH(f(t))
Proof. Using the continuity of f , we directly get f(ConG(t)) ⊆ ConH(f(t)). Similarly, the
inclusion f(ParG(t)) ⊆ ParH(f(t)) follows from the fact that a continuous image of a compact
set is compact.
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In the case where G is the automorphism group of a tree, we can compute the contraction
groups and the parabolic subgroups associated to some particular elements.
Lemma 4.17. Let T be a locally finite tree and let t be an element of Aut(T ) stabilizing a
bi-infinite geodesic (a, b) in T (where a, b ∈ T∞).
(i) If t fixes (a, b) pointwise, then ConAut(T )(t) = {e}.
(ii) If t translates (a, b) toward b, then ParAut(T )(t) = FixAut(T )(a).
Proof. Point (i) directly comes from the fact that {tn}n∈N is relatively compact in Aut(T )
when t fixes (a, b) pointwise. The proof of (ii) is given in [CDM13, Lemma 2.3].
Finally, the following theorem is due to Baumgartner and Willis.
Theorem 4.18 (Baumgartner–Willis). Let G be a totally disconnected locally compact group
and let t ∈ G. Then
ParG(t) = ConG(t) · (ParG(t) ∩ ParG(t
−1)).
Proof. See [BW04, Corollary 3.17].
We are now able to prove the implication (iii) ⇒ (i) in Theorem A.
Theorem 4.19 (Theorem A, (iii) ⇒ (i)). Let ∆ be an infinite thick compact totally discon-
nected m-gon with m ≥ 3 and let G be a closed strongly transitive subgroup of Auttop(∆)
satisfying property CGG. Then ∆ is Moufang.
Proof. Fix some root α of ∆ and denote by v0, v1, . . . , vm its vertices in the natural order.
We want to prove that the root group
Uα = {g ∈ Aut(∆) | g fixes every chamber having a panel in α \ ∂α}
acts transitively on the set of apartments containing α. This is equivalent to saying that Uα
acts transitively on Cham(v0) \ {C} where C is the chamber having vertices v0 and v1. First
remark that V0 := FixG(α) acts transitively on Cham(v0) \ {C} since G is strongly transitive
(see Lemma 2.9). We will therefore proceed by induction, by defining successively
V1 = Ker(V0 y Cham(v1)),
V2 = Ker(V1 y Cham(v2)),
...
...
Vm−1 = Ker(Vm−2 y Cham(vm−1)).
In this way, V1 is the fixator in G of α and every chamber having vertex v1, V2 is the fixator
in G of α and every chamber having vertex v1 or v2, and so on until Vm−1 which is exactly
Uα ∩ G. The action of V0 on Cham(v0) \ {C} is transitive and we would like to prove that
the action of Vm−1 on this set remains transitive. It thus suffices to show that if the action
of Vi is transitive, then the action of Vi+1 is transitive too.
Suppose that the action of Vi on Cham(v0) \{C} is transitive for some i ∈ {0, . . . ,m− 2}.
Consider A any apartment containing α and H = FixG(A). By Proposition 4.15, there
exists t ∈ H fixing ℓvi+1 pointwise but not ℓvj for j ∈ {0, . . . , i}. Let a be the end of T (v0)
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corresponding to the chamber C and b be the end of T (v0) corresponding to the other chamber
of A having vertex v0. Replacing t by t
−1 if necessary, we can assume that t acts negatively
around v0, i.e. that it translates ℓv0 = (a, b) toward b. Now consider Wi the semidirect
product in G of Vi and 〈t〉 (this is well defined as H normalizes Vi). To prove that the action
of Vi+1 on Cham(v0) \{C} remains transitive, we show that ConWi(t) is included in Vi+1 and
that its action on the set remains transitive.
Claim 1. The equality ParWi(t) =Wi holds.
Proof of the claim: We prove the claim by contradiction. Suppose that there is some el-
ement g ∈ Wi such that {t
ngt−n}n≥0 is not relatively compact in Wi. Since Wi is closed
in Auttop(∆), it is not relatively compact in Auttop(∆) either. By Proposition 3.3 with
S = {tngt−n}n≥0, there exist two sequences in Vert∆ which are collapsed by a subsequence
of (tngt−n) or (tng−1t−n). Replacing g by g−1 if necessary, we can assume that it is a subse-
quence of (tngt−n). We would then like to use Proposition 3.7 with the sequence of apartments
A → A. Let vm+1, . . . , v2m−1 be the vertices of A outside α (in the natural order) and D
the chamber having vertices v0 and v2m−1. Passing to a subsequence, we can assume that
tngt−nD → D˜ for some chamber D˜. If D˜ 6= C, then tngt−nA → A˜ where A˜ is the unique
apartment containing α and D˜ and Proposition 3.7 gives two sequences centered at vk → vk
for some k ∈ {0, . . . , 2m − 1} and collapsed by a subsequence of (tngt−n). By Lemma 3.6,
we can assume that k ∈ {0, . . . ,m − 1}. On the other hand, if D˜ = C, then v1 → v1 and
v2m−1 → v2m−1 are sequences centered at v0 → v0 and collapsed by (t
ngt−n).
In either case, there are two sequences centered at vk → vk for some k ∈ {0, . . . ,m − 1}
and collapsed by a subsequence of (tngt−n). We introduce the notation (for j ∈ {0, . . . ,m})
ϕj : Wi → Aut(T (vj))
for the natural map fromWi ⊆ StabAuttop(∆)(vj) to Aut(T (vj)). For each j ∈ {1, . . . ,m− 1},
since tngt−n translates ℓvj exactly as g does for all n ∈N, the set {ϕj(t
ngt−n)}n≥0 is relatively
compact in Aut(T (vj)). It is also relatively compact in Homeo(T∞(vj)) and hence equicontin-
uous on T∞(vj) by the Arzela-Ascoli theorem. It is therefore impossible to have two sequences
centered at vj → vj and collapsed by a subsequence of (t
ngt−n) for j ∈ {1, . . . ,m − 1}. But
it is not possible either to have them centered at v0 → v0. Indeed, the existence of two such
sequences would imply that ϕ0(g) 6∈ ParAut(T (v0))(ϕ0(t)) = FixAut(T (v0))(a) (see Lemma 4.17
(ii)) which is impossible since g ∈Wi fixes a. The claim is therefore proven. 
Claim 2. ConWi(t) acts transitively on Cham(v0) \ {C}.
Proof of the claim: Applying Theorem 4.18 to t ∈ Wi (note that Wi is locally compact as a
closed subgroup of Auttop(∆) which is locally compact (Corollary E) and totally disconnected
since it acts continuously and faithfully on the totally disconnected space Cham∆), we get
ParWi(t) = ConWi(t) · (ParWi(t) ∩ ParWi(t
−1)).
Now by Lemma 4.16,
ϕ0(ParWi(t)) ⊆ ϕ0(ConWi(t)) · (ParAut(T (v0))(ϕ0(t)) ∩ ParAut(T (v0))(ϕ0(t
−1))).
Claim 1 together with Lemma 4.17 (ii) finally gives
ϕ0(Wi) ⊆ ϕ0(ConWi(t)) · FixAut(T (v0))(a, b).
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But Vi acts transitively on Cham(v0) \ {C} and so does Wi, which means that ϕ0(Wi)(b) =
T∞(v0) \ {a}. Hence,
T∞(v0) \ {a} = ϕ0(Wi)(b) ⊆ ϕ0(ConWi(t))(b)
and ConWi(t) also acts transitively on Cham(v0) \ {C}. 
Claim 3. The inclusion ConWi(t) ⊆ Vi+1 holds.
Proof of the claim: It is not even clear for the moment that ConWi(t) is included in Vi. If
i = 0, then t ∈ H ⊆ V0 and W0 = V0 so this is true. If i > 0, then t 6∈ Vi (that is actually
why we introduced the semidirect productWi) but we can prove that ConWi(t) ⊆ Vi. Indeed,
suppose by contradiction that there is an element of ConWi(t) that is not in Vi, i.e. of the
form xtk with x ∈ Vi and k ∈ Z0. This means that t
nxtk−n → e in Wi when n goes to infinity.
But t does not fix ℓvi pointwise while x does as it acts trivially on Cham(vi). Hence, t
nxtk−n
does not fix ℓvi pointwise for each n ∈ N and t
nxtk−n 6→ e. This proves ConWi(t) ⊆ Vi.
Finally, since
ϕi+1(ConWi(t)) ⊆ ConAut(T (vi+1))(ϕi+1(t)) = {e}
by Lemma 4.17 (i), we get ConWi(t) ⊆ Vi+1. 
As explained above, the conclusion follows from Claim 2 and Claim 3.
We finally give the proof of Corollary B.
Proof of Corollary B. LetX be a locally finite thick affine building of rank 3 and of irreducible
type which is strongly transitive. It is clear that Aut(X) is a closed subgroup of Auttop(X∞)
and, by Proposition 4.5 and Proposition 4.9, X∞ has the property CGAut(X). Moreover,
Aut(X) is strongly transitive on X and hence on X∞. By Theorem 4.19, X∞ is Moufang.
In other words, X is a Bruhat-Tits building. Those buildings have been classified by Bruhat
and Tits; this classification is the subject of an important part of the book [Wei09].
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